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Abstract. We consider the problem of growth of the sequence of Lebesgue
constants corresponding to the Newton interpolation and estimate the growth of
this sequence in the case of a nested family of Chebyshev’s points

1. Introduction

o0 n

Let X = (LEI(cTL))n:l, k=1

Let Any(X) denote the N th Lebesgue constant, that is the uniform norm of

the Lagrange interpolating operator defined by the points (x,(CNH));V:ll It is

well known that the sequence (An (X)) ?vo:o has at least logarithmic growth
and that the Chebyshev array T is close to the optimal choice Now suppose
that the array X is nested, that is, any row of X consists of the previous row
plus one more value What is the growth of (AN(X)) ;?:0 in this case?
Starting from the classical papers by C Runge, S Bernstein, and
G Faber, the problem of approximating properties of Lagrange interpola
tion has attracted attention of many mathematicians A variety of results

be an infinite triangular array of nodes in [—1, 1]
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concerning asymptotic behavior of the Lebesgue constant were obtained for
different arrays (see e g [1], [4], [7]), as well as for different metrics It is rather
surprising that the naturally arising corresponding problem for the Newton
interpolation was out of consideration In this respect we can mention only
Problem II in [3], where the question of existence of a nested interpolation
process for a fixed function f € C]0, 1] was posed

How to choose a sequence X = (z5,),-; C [—1,1] with a moderate growth

of (AN(X)) ?:0 ? One can suppose that such a sequence must at least ap
proximate the equilibrium arcsine distribution due(z) = m/lgiT This means

that the finite measures  >°7_, 0, , where d,, stands for the unit mass lo
cated at xy, converge to du. in the weak® topology of measures For example,
the Leja sequence L has this approximating property (see eg [6], TV 11)
R Taylor and V Totik [8] proved that the sequence (Ay(L)) (])Vo:(] has subex

. . logAn(L)
ponential growth, that is ===

log denotes the natural logarithm

The Leja sequence is a nested analog of the array F' of Fekete points
(see e g [6] for the definition of Fekete points) Even for the set [—1,1], the
exact position of the Leja points is not known, whereas the corresponding n

— 0, as N — oo Here and subsequently,

th Fekete points are the zeros of the Jacobi polynomial Pé&é) together with
the points £1 (see eg [7], T 6 7 1) It should be noted that asymptotically
AN(F) = N3?2 (see eg [4], Ch 10, Corollary 13) On the other hand, for
the Chebyshev array T we have Ay(T) < 2log N + 1 (see e g [5], Theorem

12) Thus, a nested analog of the array 7' can be considered as a possible
choice for the desired sequence X

Here we arrange in a special manner the zeros of the Chebyshev polyno
mials (T3s)5 ), and show that

log® N
An(X)=0 <exp ( cl)cg);g?) +8logN>>

for such nodes The constant involved in this estimate is not exact, but for a

subsequence (Ns) we have the lower bound Ay, (X) = exp (l‘l’fg 5\7[5 —b5log NS)

2. The choice of a sequence of interpolating nodes

The Chebyshev polynomials T (z) = cos (/N arccos x) have the property
TN(TM(JB)) =Tnm(xz) If M and N are odd, then the polynomial Ty pre

serves all zeros of Ths Therefore one can arrange a nested family of zeros of
a subsequence of the Chebyshev polynomials Here we consider the polyno

Acta Mathematica Hungarica 125, 2009



NORMS OF NEWTON INTERPOLATING OPERATORS 301

mials Ty for s € No:={0,1,2,...} Let ) =217 for j=1,2,...,3°
Then {60895»8)}311 is the set of zeros of T3« Let Zp= {0} and for s
€ N let Z; denote the zeros of T3s that are not zeros of T3s—1  That is
Zg = {zj :cosej(-s) :7=13,4,6,7,...,3°—3,3° —2735} Then Z; can be

. _ (s—1) |, 7\13°' _.
represented as the union of the set Z; = {COS (6- + 3—5) }jzl with the set

j
75 ={eos (077" = )},

s—1
, where the superscripts + are related to the

position of the point from Zg with respect to the corresponding value from
-1
Ui—o %k
We enumerate all points from X := U2 Z, in the following way: let

. . S .
x1 =0, x3 = cos %’T, r3 = cos g and if the points (:L’k)zzl with zp = cosvy, are

chosen, then let x3s 1, = cos (Y +7-37571), 29.35 1 = cos (Y, —7-37571) for
k=1,2,...,3° Thus, we include at first all points from the set Z; in the
order given by Uj_{ Zj, in the sequence (7)o, and afterwards we do so for

the corresponding points from ZF For the convenience of the reader, here
we give some values of ¢:

T T oom T om T T T T
¢1_§7 ¢2—§+§, ¢3—§*§» ¢4—§+§a 7/}5—§+§+§a
T T 7 T T T om
¢6—§—§+§, 7!’7—5—5, ¢10—§+?7>
T

™
100 = Y3419 = Y2321+ 55 =5 33+ 55

Let us represent the angle 1, as a combination of 8, = 737% with
k € N By construction of the sequence (¢,,)>-,, we see that 19 = 11 + Iy,

n=1»
3 =11 — 01 and for s € N we have 13s 1 = Vg + 0541, Y2351k = Yk — 0541
for k=1,2,...,3° For a general formula we fix a function s with the
domain {0,1,2} such that »#(0) =0, »(1) =1, »%(2) = —1 Then for the
ternary expansion n = 1+ > 7_, 3" with v € {0,1,2} we get ¢, = 7/2 +
> r—0#(v%)dk+1 From here it follows that

(1) Y35 totyg3atk = Yk + A

for k=1,2,...,379 with A = Z;:q %(7j)(5j+1
Given the points (:rk)]kV:Jrll, let wyy1(x) = ]kvjll(x —xp) For k< N+1
we consider the fundamental Lagrange polynomial [ y(x) = #}mw
S N+1

Then the Lebesgue function Ay (X;x) is given as Zg:ll |le.n(x)| and the
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quantity Ay (X) = supjy <1 AN(X; ) is called the Lebesgue constant of or
der N of the sequence X Clearly, Ay(X) gives the norm of the Newton
interpolating operator

N+1

Ny : Cl=1,1] — Tyt f Y flar)len(@).

k=1

Here and subsequently, Il denotes the set of all algebraic polynomials
of degree at most N
The aim of this paper is to estimate the growth of the sequence

(AN(X))]OVO:O'

Given N with 3° < N < 3! we will consider the even trigonometric
polynomials

N 35+l
un(0) = wn(cos) = H[C089 —cosg] and pn(0) = H [cos O — cos .
k=1 k=N+1

Thus, un(0) - pn(0) = Tyet1(cosb), where T}, stands for the monic Chebyshev
polynomials 2'="T;,
Given 9§, we define for any n € N the polynomial

H [ cos @ — cos (0, + 0)] .

Here 0y = %T_lg We will restrict our attention to the values of the parame
ter § with |§] < 61 = 5. We see that the zeros of ¢,, are defined by the angles
corresponding to the Chebyshev polynomial T},, but shifted by ¢

For any even trigonometric polynomial ¢(6) = [[;_,[cos 6 — cosay] and

§ € R, let Sst denote the polynomial [];_, [COSG —cos (ag + 5)} Thus,
tn(0, ) = S5T;,(cos 6)

3. On the maximal value of |uy]|

Let us show that |uy| attains its maximum at 0
LEMMA 1 Given m=n—1 and |0] < 5, let 0 S a =7 — 1w Then

tn (v, 0) mm in (a4 0) +sind

s
tn(a+mm/n,0) i sin (a+ 0)) —sind’
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Here for a« =601+, ...,0h_m + 0 the fraction above is of the form 0/0, so we
consider it to be the corresponding limit

PrOOF Here,

tn(,d) = H [cosa —cos (0 +6)] = (=2)" - II1(a) - Tz(c)

x>
—_

with

and

Similarly, t,(a + mn/n,d) = (=2)" -1 (a + mx/n) - Ha(a + mm/n) with

1 2k +2m —1
I (e +mm/n) = Hsini(a++7m7r+5),

2n
k=1
n
1 2m — 2k +1
Iy(a+mm/n) = H sin 5(04 + %W —0).
k=1
After cancellation of common terms we get
tn(a, 6) B sin%(a+%+5)--~sin%(a+2”2171_17T+(5)
tn(a+mm/n,d) sin%(aqL275:1w+5)---sin%(a+%7r+6)
‘ sin%(af Wﬂ'fé)--'sin%(af 275;171'75)
sin%(a—&— 2”21;17r—5)---sin%(a+% —5)
1 2k—1 1 2n—2k+1
_ ﬁs1n2(a+ o 7T—|—5) -81n§(a— e 77—5)
bl sin%(a + 2’;;17r — 6) ~sm%(a + Q"E%Lk_lw + (5)

which gives the desired result ]

Acta Mathematica Hungarica 125, 2009



304 A P GONCHAROV

LEMMA 2 Suppose 0 < a3 < as < -+ <y, < 7 is such that the polyno
mial t(0) = [[;_;[cos@ — cosay] attains its mazimum modulus at 0 =0 If
0=<06 <7 — ap, then Sst as well attains its mazimum modulus at 6 = 0
PrROOF We proceed by induction The polynomial ¢1(6) = cos — cos a;
attains its maximum modulus at # =0 if and only if 7/2< a3 <7 In
this case Sst as well attains its maximum modulus at 0  Suppose the
statement is valid for any polynomial ¢, of the above type Assume that

for t,+1(0) = Zill [cos@ — cosayg] with 0 <a; =+ < apep <7 we have
tn+1(0) 2 ‘th(H)‘ for any 0 <0 <7 Then n/2 < ay4+1, since otherwise
|tns1(m)| > tns1(0) Here, typ1(0) = tn(0)[cos 0 — cos api1] and Sstn41(0) =
S5t (0) - [1—cos (i1 +6)] 2 | Sstn(0)| - |cosd — cos (ang1 + 6)| for any 6
U

In the next lemma we localize the extrema of ¢,(6,6) For |§| < 5 the
function |#,(-,)| has n+1 local maxima on [0,7] : ¢o =0, ¢; € (6; + 4,
Ojp1+9)forj=1,2,....n—1land p, =7

LEMMA 3 Suppose || < 5. Forj=1,2,...,n—1 we have jr/n < p; <
Jjr/n+6if 6 >0, and jr/n+0 < @; < jm/nif 6 <0

PrROOF Without loss of generality we can assume 6 >0 Let g(f) =
> hey [cosf — cos (6 + )] ' Then t.(6,0) = —t,(0,0)g(0)sinf Let us
show that

(2) g(jm/n) <0, ggm/n+06) >0 for 1<j=<n-—1.
This gives a change of sign of the derivative and a local extremal value of ¢,

on the interval (jm/n, jm/n+0)
We will use the representations

[cosu — cosv]

— cot
2

1 [ v—u v+u]
:icscu cot

t
+ co 5

v —1U V+U
:2cscv[cot }

For 0 £ a £ § we have

n

g(jm/n+a) = Z [cos (jm/n+ a) — cos (6, + 0)] -
k=j+1

J
_ Z [cos (0 + &) — cos (jm/n + a)] -
k=1
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We represent the terms of the first sum as a difference of the corresponding
cotangents, whereas for the second terms we use the second representation

Then

(3) g(gm/n+a) - 2sin (jm/n + a)

B Z”: o 2k—23—17r+5—a oot 2k;+2j—17r+5+a
T ¢ dn 2 0 4n 2

k=j+
2 . - -
(k:—i—2j 1w+5+a>+cot<2j 2k+17r—5 a)]
an 2

.

=3 [ & '

k=1
n—j . 7 .

2i — 1 o0—a 2i — 1 d—a
;cot< n T+ 5 >—;(30t< in ™ — 5 >

n+j .
21 —1
! 7T+6+a .
4n 2

Choose a =0 In the case 25 < n we cancel common terms in the first
and the third sums above Here and in what follows we use the formula

”z*f NEEE TN ZJ: (2] o (2L
CO = a — — ta .
4 s C 1 4n v C I 4n Y C

i=n—j+1 =1
In this way,
J
21 —1 ) 21 —1 1)
im/n) - 2sin (jm/n) = |cot Z ) — cot -
g(jm/n) - 2sin (jw/n) 2 |:CO < in + 2> co < e 2)}
7 . .
2i—1 1) 2i—1 1)
+;[tan< in 7T+2>—tan< in 7T—2):|
J 2% — 1 % — 1
22[2050( 7T+(5>—2csc< 7['—(5>:|.
— 2n 2n

The last expression is negative for positive §
If 25 2 n then arguing as above we get for g(jm/n) - 2sin (jm/n) the sim

17r+5> —2080(21_17T—(5>:| .
2n
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This proves the first inequality in (2)
We now turn to the case a =46 in (3) If 2j < n then

n—j

. . 21 -1 2i—1
g(gm/n+9) - 2sin (jr/n+96) = Z [cot ™ T — cot < ™ 7r+5>}
i=j+1
+§j: tan (2L 6) —tan (2 Lr
an | ———m an | = ——m :

=1

which is positive for § > 0
For 2j = n we get

g(ym/n+9) - 2sin (jm/n + 9)

= gj cot 2i_17r—5 — cot Qi_lﬂ
o ‘ 4n 4n
i=n—j+1
+”_j tan 2i -1 + 6 tan 2i—1 o) >0
E T — T —
— 4dn 4dn ’

since for j < n — 1 all arguments of the cotangents above are positive This
gives (2) and completes the proof O
LEMMA 4 Suppose [0| < 5 If 0 >0 then the values (‘tn(goj,é)‘)
decrease with respect to j For § < 0 we get an increasing set of values
PrOOF Suppose § >0 Let us fix j with 1 £ j <n and compare the
values ’tn(goj — %,5)‘ and ‘tn(cpj,é)} By Lemma 1,

n
=0

[tn(j — 7:0)| _ |sin (e — 7 +61) +5sind|
|tn(90j75)‘ |Sin(g0j—%+91)—sin5"

By Lemma 3, we can consider the expression on the right without modu
lus Clearly, the fraction derived is larger than 1 for § > 0 Then ’tn(goj_l, 5)‘
> |tn(g0j -, 5>|, since p; — = € (01 +0,0; +0) and ;1 provides a maxi
mal value of ‘tn(',5)| on this interval From this, |tn(g0j_1,5)’ 2 ’tn(goj,5)’

Similar arguments apply to the case § <0 O

The next lemma deals with the product of polynomials of type 3«

LEMMA 5 Let t(0) = t3q(6, Og4+1 + A) - tan (6, —0g+1 + A) with 0 S p <gq,
I\l < 26441 Then t(0) 2 ‘t(9)| for any 6
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PROOF The proof will be divided into four steps The first three of them
correspond to the case p = 1

1) We prove the inequality |t(a)’ > ’t(oz + 61,)‘ for0 S a <7 —4, This
means that the function |#(-)| attains its maximum on the interval [0, 6]

2) For 0260 < §:=0p — 0g4+1 + A we show £(0) = ’t(@)‘ Thus it remains
to consider only the values 8 < 0 < 9,

3) We show that ¢’ > 0 on (5,0p), so

max [¢(6)] = max {[1(5)] | #(5,)| }.

Then t(0) 2 [¢(3)|, by 2), and ¢(0) = |¢(6,)|, by 1)
4) We consider the case p =0 separately
To prove 1), let us fix 0 £ o < m— 9, Since

sinu —sinv  tan “5”
u+tv?
2

sinu+sinv  tan

we use Lemma 1 in the form

[t(@)]
{t(a + 61,)‘

7‘tan%(a+9§)—6q+1+)\ H’tan a+0()+5q+1+)\)|
‘tan%(a+9§p)+5q+1 ‘tan OH—G(Q)—(S(]H )\)|

Here 07 = (k — )8, Therefore, 6" = 1§, = 13976, 60 =6, — 15,

39—p
and, as is easy to check, arguments of all tangents above belong to the mterval
(0,7/2), so we can remove the signs of modulus Thus we want to prove the
inequality

377 tan %(a + 9,(:1) + g1 + /\) S tan %(a + ﬁgp) + g1 — )\)

(4) = .
r— tan %(a + 9,(;1) — g1 — )\) tan %(a + ng) — 0g+1 + )\)

Let us consider the function f(x) = % for
(5) 0<z<A with z+A<n/2

One can check that f increases under these conditions
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The values A = %(a + Hl(cq)), xr = %(5(]“ + \) satisfy (5) for k =1,2,...,
397P therefore the left fraction in (4) attains its minimal value when A is
minimal Similarly, we can take A = %(a + Ggp)> and z = %(5(14_1 — ), also
satisfying (5) Then the right fraction in (4) attains its maximal value when
x is maximal, that is A is minimal Therefore it is enough to prove (4) for
A= —%5(1“ Set 0 := %5q+1 We want to show

37 tan % (a + Hl(cq) + a) - tan % (a + 9§p) + 30)

el tan%(a—%&,@ —a) - tan%(a—&—&@ —30)7

which is equivalent to

3¢-p 94 94
H 1+ SI(D)O' > 51(n)30' .
Pt sin (a + 6,7 ) —sino sin (a + 6" ) —sin 3o

We can restrict ourselves in the product on the left only to the values
k=1,k=3(37P+1)and k = 3977, since all terms in this product exceed 1

Here 67 = ng) =

(30-p41)/2 %519 We use the following notations:

1 1
b1 = sin <a + 25q> —sino, by =sin <a + 25p> —gino,

1 1
by = sin (a +0p — 25q> —sino, a=sin <a + 26,,) — sin 30.

Then the desired inequality takes the form

ﬁ <1+ 251na> >4 2511130'
b a

k=1

We multiply all terms on the left, neglect the term containing sin® o, and use
the inequality sin 30 < 3sin o in order to replace the desired inequality by

L LR SR
b by | bs T\ byby " bibs | bobs) = a

The last inequality is equivalent to

(6) a(biba + b1bs + babs) + 2asino(by + by + b3) = 3b1bobs.
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We express both parts of the inequality above as functions of the variable
y = sin (a + %51)) Clearly, y > 0 Also for brevity, let p := %(5], —0d4) Then
bo =y —sino, a =y —sin3o, by + by = 2ycosu — 2sino  Therefore, by + b
+ b3 =y(2cospu+ 1) —3sino  Also,

bibs = y* — 2ysino cos ju + sin® o — sin® p
and
bo(by 4 bs) + bibs = y*(2cos p + 1) — 2ysino(2cos pu+ 1) + 3sin? o — sin? .

The left part of (6) can be written in new terms as Asy® + Asy? + Ay
+ Ag with Az = 2cospu+1, Ay = —sin30(2cosu+1), Ay = —3sin® o —sin? ,
and Ay =sin30(3sin?c0 +sin?p)  On the other hand, on the right we
have Bsy? + Bay? + By + Bo with By = 3, By = —3sino(2cospu+ 1), By =
3[sin?o0(2cos p + 1) —sin? p] , By = —3sino (sin? o —sin? )  We transfer
Aszy? to the right, whereas Boy? + By + Bg to the left side of (6), so we
reduce the inequality to the following: (As — Bo)y? + (A1 — B1)y + Ao — By
2 (Bg - Ag)yg, that is

4sindo(2cospu+1) -y + (2 sin?  — 12sin? o cos? %) -y

+ 4sin® (3 cos? o — sin? p) = 4 sin? % P,

The coefficient of y? is positive Also, o = 53071 = 215 a5 ¢ = 2 There
fore 3cos? o > sin? 1 Since 0 < y < 1, it remains to show that

2sin? pu — 12sin? o cos? g > 4sin? g,

which can be reduced to tan? %cos p > 3sin? o

Here, pu 2 1(84—1 — 04) = 60 It follows that tan? 5 = 952 On the other
hand, p < %51, < 7w/6, which gives the desired inequality and completes the
proof of the first step

To prove 2), let us denote by gpgp) the point on the interval

(6 = 6441 + A O — Gy1 + A)

where t3» attains its minimal value By Lemma 3, 8 =, — dg41 + A < gogp)

< 6, Therefore, the polynomial ¢3» decreases on the interval [0, 5] Also, by
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Lemma 4, the values ‘tgq (cpgm, Og+1 + )\)‘ of the corresponding local maxima

decrease as j increases Therefore, ¢(0) = [¢(0)| for 0 <6 < 3
3) We turn to the values 0 € I := (3,0,) We cannot apply the arguments

of Lemma 1 to this case For example, if A\ g —o and o L —30 = —OYI),

then a + 0, € I One can show that t(a) < ‘t(a + 6p)’ here, since the value
tza(a, 0g+1 + A) is rather small

Let us analyze the behavior of the polynomial ¢ on [ in detail Clearly,
the polynomial t3» is negative here and, what is more, the values of t3p on 1
are near to its local minimum On the other hand, the polynomial ¢3¢ has a
root at the point z :=d, — %5q+1 + A € I, furthermore this is a root with odd
multiplicity 397P Therefore, t3¢ changes its sign from plus to minus when 6
passes this point Thus, ¢ < 0on (3,2) and t > 0 on (2,9,) Let us show that
t'>0on I We have t5,(0) = —t30(0)gp(0) sin b, t4,(0) = —t34(6)g4(0) sin b,

where

3p

gp(0) = Z [cos 6 — cos (9,(53) — 0g4+1 + )\)]_1,
k=1
34

gq(0) = Z [cos 6 — cos (9,(5) + 0gt1 + /\)]_1.
k=1

Hence, t'(0) = —t(8)g(0) sinf with g = g, + g; Note that the functions g,
and g have a vertical asymptote at z We see that the inequalities g > 0 on
(8, 2) and g < 0 on (z,0,) will give the positivity of ¢’ on I

The function f(z) =>;_, ﬁ decreases on any interval of its continu

ity Therefore the function f(cos#) increases on any such interval and it is
enough to show that

(7) 9(6p) <0 and g¢(B) > 0.

Let us first examine the value §, Arguing as in Lemma 3 (for the case
j=1a=0), we get

1 1
gp(0p) - siné, = csc (25p — Og+1 + )\> — csc (25p + g1 — )\> .

Similarly,
39—p
9q(6p) - sinéy, = Z [csc (9,(;1) + g1 + )\) — csc (9,(;1) — Og41 — )\)]
k=1
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In order to get the first inequality in (7), we need to show that

39—p

csc (Ggp) — Og41 + )x) + cse (9,(;1) + g1 + )\)
k=1
39—p
< csc (9&1)) + g1 — )\) + csc ((9,(;1) — Og+1 — )\).
k=1

Since the left part of this inequality increases, whereas the right part
decreases, when A becomes smaller, it is enough to consider the value A =
—18441 = —0 We want to show

39-p
(8) Z [csc (9,(;1) + a) — csc (9,5:1) - U)] < csc (Ggp) + 30) — csc (9?’) - 30).
k=1

The function f(x) = csc(x + 30) — csc(x — 30) increases as x increases
with 30 <z <7 —30 Therefore it suffices to consider the smallest value

of 9§p) that is the case ¢ = p+ 1, when 9%1’) =90 On the other hand, we
can take only the first term in the sum in (8), since all expressions in the
square brackets there are negative Thus, for Ggq) = 30, we reduce (8) to the
inequality

csc (4o) — csc (20) < esc (120) — csc (60),
which is valid for 0 < o < £, as is easy to check Thus, g(d,) <0

Our next goal is to show the second inequality in (7) In the same manner
we get the representation

32
: 2k +1 2k +1
gp(B) - 2sinff = Z [cot (46p> — cot ( 1 Op — Og+1 + )\ﬂ

k=1

0 0
+ tan <f — g1 + )\) — tan (f + 0g+1 — /\> .

This value is negative and, as a function of A with |[A\| < o, it attains its
minimum when A = —o Therefore,

sin 60

9 2sin B> —
©) 99(8) - 2sinf 2 COS(%—30’)-COS(%+30’)

3P—-2

+ Z — Sin 30'
- 2k+1s oo (2ktls :
i sin =5 Op sm( 1 0p 30)
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The term g,4(5) can be handled in the same way We get
34

-1
94(B) = Z [cos (377P6y — 20 + \) — cos ((k: — 1> 0g + 20 + A)}
k=3P 2
39-p—1 1 -1
- Z {cos ((k: — 2> dg + 20 + )\> —cos (377P9, — 20 + /\)] .
k=1

As in Lemma 3, the terms of the first (second) sum can be represented
as a difference (a sum) of the corresponding cotangents Hence, g4(3) - 2sin 8

= Al — A2 — Bl — BQ, where
34-39-P41 39-39-P41

1 1
A= Z cot 5(6]@ —5)o, Ay= Z cot 5(2510 + 6ko — 90 + 2)),
k=1 k=1
39-P—1 1 394-P—1 1
B = ]; cot 5 (6k —1)o, By = ; cot 5 (Jp + 6ko — 30+ 2)).

We decompose Ap in the sum

32-P_] 2.3¢"P—] 39-39-P4]

A+ Ag + A1z = Z + Z + Z

k=1 k=3a—p k=2.39—P

Also,
37-3.30"P 42 37-30-P 4]

Ag = A9y + Ay = Z + Z

k=1 k=39—3.30-P+3
Here the difference
30-3.347P 42 1
A3 — A9 = ; |:COt 5(2(517 + 6ko — 110’)

1
— cot 5(251, + 6ko — 90 + 2)\)}

is positive, since |A\| < o We want to estimate g4(3) from below, so we can
neglect this difference Also,

3a-p_1
1
Ajg — By = cot 5((5:0 - 50’) + Z

[cot %(51; + (6k — 5)0)
k=1

— cot%(@, + (6k — 3)o + 2/\)} > cot %((5,, — 50).
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Therefore,
9q (ﬁ) QSlnﬁ > AH — A22 — B 4 cot = (5 — 50’)
31-P_1 1
= Z [Cot (6k — 5)o — cot = (6k: — 1o ]
k=1
31-P_1
+ [tan (6ko — 30 + 2)) — tan = (6k‘a — 30 — 2)\)]
k=1
+ cot — (5 —50) 4 tan - ((5 — 30 +2)).
The value A = —o only reduces this expression From here,

Y= 4dcos (6k — 3)osin 20 2

>
94(f) - 2510 5 = Z sin (6k — 5)o sin (6k — 1)o e (0, — 5o)’

Combining this with (9) we get the desired inequality g(5) > 0 provided

2 N sin 60
sin (0, — b5o) = cos (8,/4 — 30) - cos (0p/4 + 30)

and
Yem ' 4dcos (6k — 3)o sin 20 - 3PZ_2 sin 30
£~ sin (6k — 5)o sin (6k — 1)o = sin %Tﬂép sin (%%15p ~ 30) .

It is a simple matter to check the first inequality for 0 < o < £ and 4,
with 180 = 304 < 0, =< 7/3 On the other hand, increase of p will enlarge the
right part of the second inequality and decrease the left one Therefore we
can assume p = g — 1, that is 6, = 180 Moreover, we consider only the first
term on the left It remains to show that

4 cos 30 sin 20 sin 30
sin o sin bo > Z sin (9k:+9)asin (9k+ §)J
k=1 2 2

For the sum on the right we have

3P—-2 3P-2 23P2

; Z sin 9k:a 4 Z 81k2 2 6480
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since 9ko < /2 Eventually,

4 cos 30 sin 20 8 cos 3o coso 2
> >

sin o sin bo 50 o’

which exceeds % for the given values of ¢
4) To deal with p = 0, we note that

t1(0, —=0g4+1 + A) = cos 0 — cos (Y1 — dg41 + A) = cos — sin (g1 — A).

If § < 7/2 then |t1(0)| < ¢1(0) Indeed, this is evident for 6 < /2 — §g11 + A
If 71/2 — 441+ A <0 = 7/2 then

|t1(9)‘ é |t1(7‘&'/2)‘ :Sin(5q+1 —)\) étl(O),

since 2sin (6441 — A) = 2sin30 < 1 for 0 = 5% = {5
Furthermore, by Lemma 4, the values of the local maxima of |t3q| de
crease, so t(0) = |¢(6)] for 0 <0 < 7/2

Let us fix # > w/2 For t; we get

t1(0) 1 —sin 3o 1—sin3c _ 1-30
> > > .
[t1(0)] © —cos@+sin30 = 1+sin30 ~ 1430

(10)

Given 6, we choose m such that
0D 4 6,01+ XS0 <09 4+ 6,00+ A

Then |t34(8)| < |t34(om)], < Mmbg + Gg1 + A
Since 6 > /2, we have m =22 We compare, by means of Lemma 1, the
values of ‘tgq(-)| at the points ¢, and o := ¢, —md, Clearly, 0 < a <

Og41 + A < 0@ and t34(0) > t3¢(a) > 0 Thus,

t50(0) - tsa(a) ﬁ in (+6\) + sin (§11 + A)
’t3q (6) ‘ ‘t3‘1 9 k1 a—l—ﬁ(q)—sm(éq“—i—)\)
All fractions in the product exceed 1, so we can consider only the first

two terms Moreover, arguing as above, we see that the expression takes its
minimal value when A is minimal, whereas « is maximal Therefore,

t34(0) 2 2sin o
\tgq(9)|>H<1+ . )

sin (0(‘1) + 9( )) —sino
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Since 9@ = 3o, 95‘1) =90, and sinu +sinv 2 sin (u 4+ v) for 0 < u,v < 7,
we get

. . ,
te(0) <1+ 28““’) <1+ 28m0> > 14 2sing - 0

| t34(6)| sin 50 sinllo 550"
Combining this with (10) we see that ¢(0) > |t(d)|, provided
16 sino > 30

5 o —1-30

The left part of this inequality decreases, whereas the right part is an
increasing function, so we have to check the inequality only for maximal o

Suppose ¢ 22 Then 0 <o < Z; and 15%'_5;1 sin g5 2 0.29  On the other

hand, g < 0.22, which proves the inequality

We cannot apply the above mentioned arguments for ¢ =1 However one
can use in this case a direct computation Here

t1(0, =62 + \) = cosf — sin (g — )\) ,

t3(0,02 + \) = [cos@—cos (%—&-%—&-/\)} : [COSG—COS <g+g+)\)}

S5t w
. [cose—cos <6 —|—§ +)\>}

and we consider the values [\ < {g and 6 € I := [g, 77] We see that diminu

tion of A will decrease the value of t = t1t3 at # = 0 and will increase the values
of [t| at its extremal points on I Therefore, in the worst case A = —Jg, we

get

1 27 5 8
t(0) = <0089 — 2) <C089 — CoS 9) <cos€ — cos 9) <cos€ — cos 9) .

As before, t'(0) = —t(0)g(0) sin 6, where

or\ ! 5\ !
g(0) = cosG—cos? + Cos@—cosj

+ cos&—cos8—7r 71+ 0089—1 B
9 2 '
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We see that t(g) >0 Since g(%) ~ 3.51 > 0 and ¢ has only two zeros on I,

the polynomial ¢ decreases on [g, gp] and then increases on [p, 7], where ¢

is a point of minimum of ¢ with %’T << %“ Thus, it is enough to check

only three inequalities: ¢(0) = t(g), t(0) = t(m), t(0) = |t(p)| Direct com

putation gives t(0) ~ 0.2663, ¢(5) ~ 0.0625, ¢(r) ~ 0.1320 In order to get

the third inequality, let us find a small enough interval (a,b) C (%’T, %’r) such

that g(a) - g(b) <0, s0 ¢ € (a,b) If a <6 < b then, clearly,

1 2
‘t(9)| <c:= <2 —cosb> (cosJ—cosb)
5% 8
- | cos— — cosb cosa — cos — | .
(coo %5 —em8) (cmva—ens )

Now the values a = 572—;, b= 573—” can be taken Indeed, g(a) =~ —0.3483, g(b)
~ 0.2498 and ¢ ~ 0.2526 < ¢(0)

We see that |t| attains its maximum value at 0, just as in all previous
cases U

The main result of this section is

LeMMA 6 For any N € N, 0= 0 < 7 we have uy(0) = | un(6)]

ProoF If N = 3° with s € Ny, then the function puzs(6) = 2173 cos 3°0
attains its maximum modulus at 0 Also, u2(6) = cos8(cos @ — cos 57/6) has
this property Therefore we have the desired inequality for 1 < N <3 By
induction, assume it is valid for N < 3% Suppose 3° < N < 3%t1 If N <
2-3% thatis N =3+ k for 1 £ k < 3% then ¢y = ¥ + 0511 By induction,
ux(0) 2 ‘,uk(H)’ for all 0, so, by Lemma 2, uyn(0) = ‘,uN(G)‘ for all 0

Let us consider the remaining case N =2-3%+,.-3"+--- +,-37+
vp 3P Here v, #0, that is yy, =1lory =2, and s >r>--->¢>p=0

The first 3° angles (wk)iszl give us the polynomial uss, the next (¢k)ij;s+1

are zeros of t3s(+,0s+1) For the numbers (2 -3° + k)i;l we have the angles
Yo.354k = Y — ds41 with £ =1,...,3", and the corresponding polynomial
t3r(-,—0s11) If 7 = 2 then for the next 3" indices (2-3% + 3" + k)i, we
get the angles 9.35 134k = —0s41 + Opyp1 + i for k=1,...,3", and the cor
responding polynomial t3r(-, =511 + 0,4+1) Therefore,

pUN = p3s - 135 (-, 0sq1) - 30 (-, =0sy41) -+ for . =1,

and

UN = [43s 'tgs(',(ss+1) 't3r(‘7—(55+1) 'tgr(‘,—(;s+1 +57~+1) for Yr = 2.
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Here --- denotes the product of certain polynomials t3x with £k <r Both
functions tss (-, 0s4+1) - tar (-, —0s4+1) and t3r (-, —ds41 + Or41) have maximum
modulus at 0, the first by Lemma 5, and the second by Lemma 2 Continu
ing in this way, from (1) we get in the last term

tan (-, =041 + 2(9)0p g1 + - + 52(79)0q41)

for 7, = 1, and this polynomial together with

t3p(', =051+ 2(Vr )01 + -+ -+ 52(7g) g1 + 5P+1)

for 7, =2 The last polynomial has the form t3»(-,9) with § > 0, so we can
apply Lemma 2 for it In the case v, = 1 the previous polynomial is of the
same type If vy, = 2 then we combine the polynomial t3p (-, =541+ - —0g41)
with t3¢(-, =541 + - - 4+ dg41), which is the second in ¢ th pair Thus we get
the product ¢ = t3a (-, A+ dg+1) - t3e (s A — dg1) with A =377\ 5¢(7k)0k+1,
where »(vs) = —1 1t is easy to check that

1 1 1 b
—§5q+1 + 555-&-1 SAS §6q+1 - 553-',-1-

Therefore, |\ < %5q+1 and Lemma 5 can be applied to the polynomial ¢
By that we decompose uy into a product of terms every one of which has
maximum modulus at 0, so pun also has this property g

4. On the growth of Ay

Values of the polynomial t,,(-,d) can be expressed in terms of the product

3 2n — 1
7 (D) :zsin(z;—l—b)sin(;—l—b)---sin( n4n 7r+b>.

For example, as is easy to see,

t,(0,8) = 2"72(6/2), tn(m,d) = (=2)" w2 (=6/2).

For some values of the parameter b, the exact magnitude of m,(b) can be
found

LEMMA 7 For any n € N we have 7,(0) = 27"+%, 7Tn<ﬁ) =27t /n

Acta Mathematica Hungarica 125, 2009



318 A P GONCHAROV

PROOF Let us show first that for any m € N

- km
(11) QmI}_Ilcos 1

The Chebyshev polynomial 75,11 has local extrema at the points cos #11
for k=1,...,2m Hence,

2m
kmw
Tém—&-l( )_22m 2m + 1 H<$—C082m+1)-
k=1

On the other hand,

sin (2m +1)0

, for z=cosf with 0260 .
sin 6

Tymy1(x) = (2m +1)

Taking x = 0 in both expressions yields

Ts1(0) = 22™(2m + 1 H cos = (2m +1)(-1)
Since
2m m
km m km
H 0082m+1:(—1) Hcos2m+1,
k=m+1 k=1

(11) follows

By means of (11) we can express m,(0) = [[r_, sin 4n
Let us first examine the odd value n = 2m + 1 Here,

m m m

2k —1 1 2k —1 2k —1
:kl_[lsin . ﬂ‘\/i-kl_llcos in 7T:2mé-]€1_llsin 5 T

The last product is equal to [ 1005 , which is 27 by (11) Thus,
mn(0) = 27 m—3 9-m — 9=n+3

Similarly, o, (0) = 27"7,,(0), and by that, 74 (0) = 27 *2*~ D, (0) for
any k,q € N For the general case, we write n in the form n =29(2m + 1)
with m,q € Ny Combining the previous representations we get

7 (0) = 2-CGrADEI-1) L g=2m—} _ gt}
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71"

To express m, 1= Wn(ﬁ) Hk 1 sin 57 we apply similar arguments In
stead of (11) we use

=+v2m-+1 for me&N.

(12) 2m H cos

Indeed, Tom+1(z) = 222 [[1L, (:1:2 — cos? anjrlzw) Thus,

. T2 +1(ZU) 2k —1
Thua© = fiy P10 <o Lo (0

But as above, T3,.,(0)=(-1)"(2m+1)  Comparing both forms of
T5,,+1(0) we obtain (12)

Arguing as above, we see that ma,, = 2_m+%7rm and moqp = 2%m, with
= (=274 1)k+q/2 Also,

m

2k — 1
2mk1_[1(:os yree 57 = 47" 2m + 1,

Tom+41 = 2 Hsm2 1

by (12) Thus for any n = 29(2m + 1) we have
7, = 2@mAD (=21 +a/2 g ST  gentl

which is the desired conclusion g
COROLLARY 1 If 0 £ 6 < & then 217" < maxg<p<, [tn(6,6)] <227"n
If —5-+e=0 =0 for some 0 <e < g then |ty(m,0)| /tn(0,0) < (m/e)?
PROOF Indeed, if 0 = 0 = - then by Lemma 4 we have

_on_2 n 2 (" \ _ o2-n
o@%r‘t (0,0)] = ta(0,8) = 2"72(6/2) < 272 (4n> — 92y,

Also, t,(0,68) = Tp,(0) = 21"
To estimate the other term, we note that

’tn(ﬂ',a)} < 2nq? (%) =227y,

On the other hand,
nl kr € £ T
> g . i — 4> = _
Tn(0/2) 2 sine/2 kl_[lsm (2n + 2) = <4n> )
so t,(0,0) = 227" (%)2 O
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Our next objective is to analyze the remaining polynomial

3.s+1

PN = H [cos (+) — cos ] .

k=N+1

This polynomial can be handled in the same way as py in Lemma 6
LEMMA 8 Let 3° < N < 3%t for some s € Ng, 0 S0 <71 Then ‘pN(H)‘
< 18235555 (0)

PrROOF Let M =3*T! — N, sodegpy =M and 1 < M <2-3° -1 We
use the ternary decomposition

M=7-34+5% -3 +7-3"+---+7,-3 with s>r>¢>--->p=20.

Here v, € {0,1} and ~,,...,7 € {1,2} In order to decompose py into a

product of polynomials of type t3x, we sort out all angles (@bk),?::;, 41 in the
inverse order, that is from tss+1 to Y41

Suppose first 75 = 1 Then the angles (7/}2~35+k)z;1 are zeros of the poly
nomial t3s(-, —0s+1) The next 3" angles have indices

(342374 423+ k),
and correspond to tgr (-, 0541 — 05—+ — Opy1)

If 745 = 0 then the polynomial t3r (-, —0s41 — s — - - - — d,+1) has zeros at the
points v; with indices j = 2-354+2.35"1+...42.3" + kwherek=1,...,3"
Since Ys—1 =+ =41 =0,80 #(2—;) = —1forr+1 < k < s— 1, the first
terms in the decomposition of py are

t22(7 _5s+1) ' t3r ( ) %(2 - 78)55—&-1 + -+ %(2 - ’YT’+1)67"+2 - 5’/‘—1—1) .
If 7, = 2 then the next indices ((2 —7,)3° +2-3%1+... +3" + k) i;l give
t3r('7 %(2 - 73)554—1 + -+ %(2 - ’Yr+1)6r+2 + 5r+1) .
Continuing in this way, we get
PN = @3(', —0st1) - t?ﬁ(', #(2 = 7s)0s1 + -+ 2(2 — Y1) 0rq2 — 5r+1)
: tgiil(‘, %(2 - 73)5s+1 +- 4+ %(2 - 'Yr+1)6r+2 + 5r+1) T

’ t3”('7 #(2 = Ys)0s1 + -+ 52(2 = Ypy1)0pt2 — 5p-l—l) ’ tgg_l(" ot Opt).
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For every term of type tg’;fl(-, 0) we have 6 > 0 Therefore, tg’,jfl(ﬁ, 5)|
< t;”;fl(o, 0) for any 0 < 6 < 7, by Lemma 4, and we can neglect these terms
while estimating | pn(0)|/pn(0) from above All other terms (with ¢ < 0)
attain the maximal modulus value at 8 = 7, by Lemma 4 It follows that

| o (6)] < |13 (7, =05 41)| _ H | L3k (m, o) |

13 = )
(13) pn(0) — t§§(0,—68+1) t5(0, o)

k:p7"'7Q7T
where 0, = 2(2 — 75)0s41 + -+ 4+ 2(2 — Yr41)Okr2 — Opp

Suppose 75 =0 Then the first term on the right in (13) is absent
Let us estimate all o from above At first, 0, = =541 — 05 — -+ — 0pp1
= —%& + %(L;H From Corollary 1 we conclude that ‘tgr (w,ar)‘ /tsr(0,0,)
< (21)6541)% = 4- 32T Secondly,

Oq = _5s+1 - (58 — = 57‘+2 + %(2 - '77')(57"4»1 - 5r — = (5q+2 - (5q+1-
But here v, # 0, s0 #(2 —,) =2 0 Therefore,

1 1 1 1 1
—=0g+ 50, — Z0pp1 + §5s+1 > *55(1 +0ry1-

0q = 50+ 50—

In the worst case, when r = s — 1, we get
1
oq > —55,] +4d, and {tgq(ﬂ',aq)‘ [t34(0,04) = 325,

In general,
Uk:_53+1_5s_"'_ r+2+%(2_7r)6r+1_5r_"'_5m+2

+ 522 — Ym)Omt1 — O — -+ — Opt2 — Ok,

where m =min{j > k: v; # 0} Thus, o > —%5k + 01 and the product
on the right in (13) can be estimated from above by

4 . 32(S+1)325 . 32 — 4 . 3(S+2)(8+1) — 36 . 3524»35.
For the case v = 1 we apply similar arguments Here,

1 1
—(53+1 = —5(55 + §5s+17 SO |t3s (71', —(554_1)’ /tgs (0, —(554_1) é 4 - 32(s+1).

Acta Mathematica Hungarica 125, 2009



322 A P GONCHAROV

Also,

1 5 1
Or = Bup1 = 85 =+ = Brg = — 50, + 20> 20+ .

For any other value of k the lower bound of o is the same as for the case
vs = 0 Therefore,

| on(0)] /i (0) < 4-320HD) g2t lbsttd) gy 3(s+D)(s+4) — 1g2.35%+%s -

We are now able to estimate the fundamental Lagrange polynomials cor
responding to the given sequence

LEMMA 9 Forany N e N, 1<k < N+1, and || £ 1, we have |lk7N(a:)‘
§4’/TN2‘Z]€,N(1)}

Proor If N =1 then for both polynomials I 1(z) = —%aj and I 1(x)
= 25’54\/%/5 we have trivially ‘lkl(l')‘ < !lm(l)‘
If N =3°%—1 for some s € N, then I} y(z) = Tl and !lkN(x)‘

(z—z)T3s (k)

<4/7m (see eg [5], p 58) On the other hand,

e ()] = [(1— ) The (21)] ~H 2 372,

by the Markov inequality (see e g [5], p 123), which gives the result for this
case

Suppose 3° < N <35t —2forsomes €N Fix k< N+1and0<4<n
Here,
pn+1(0)
(cos 6 — cos Py )wiy 4 (Tk)

I n(cosB) =
and the desired inequality has the form

1 —cosé | iv+1(0)]

14 '
(14) |cos® —cosh|  pun+1(0

< 47 N2

The angle ¥y is equal to (z — %)(LH with some 1 < i < 3%t The value
1 = 1 is excluded since in this case we have ¢ = %5S+1, that is k = 35*1 but
E<N+1<3T—1 Thus, %53-;-1 S S — %55+1

Let us first consider the case |6 — x| > %5S+1 Here, %55+1 SO+ <
21 — 36,41 Indeed, if ¢ = 7 — 16,41 then 6 < 7 — 6,41 Otherwise, ¥ <
T — 36s41 with any 0 <
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Therefore,
1 1 t .3
| cos § — cosig| = 2sin §|9 — | - sin 5(9 + 1) > 2sin Z(SSH - sin 1(55“
41. 3 1 o1
>2ﬁz5s+11(ss+1:6‘3 SEB'N .

This inequality together with Lemma 6 imply (14)
For the case |6 — 1| < 36541 we use the representation

pN+1(0) = pn1(r) + piy1(E) - (0 — )

and the Bernstein inequality (see e g [5], p 118):

| i (€)] = (N +1) 'Ogggﬂ‘ﬂzvﬂ(e)‘-

Since pun+1(¥x) = 0, we get by Lemma 6,

pn41(8) < (N +1)-10 — el - v 0):

To prove (14) it is enough to show
(15) (N +1) |0 — | < 47N?| cosf — cosy|.

Here, %55+1 SO+ S 27— %53“ Therefore, sin %(6 + 1) 2 sin iésﬂ
> 2= On the other hand, sin 1[0 — ;| > 1|6 — ;| Hence, | cos — cos | >
|0 — y,| (37 N) ™", which gives (15), since N+ 1 < 4N for N 23 O

THEOREM 1 For the Lebesque constants An(X) corresponding to the
Newton interpolation at the points X = (xy,),-, we have

An(X) < C-NB.N'9sN/oe3  for gy N > 1.

Here C =2 - 722

PROOF Let Ny =3°—1 If N = Ny then (xk)év;ll are exactly the zeros
of T+ and (see e g [5], p 19) An(X) < 2log N +1 Therefore we can make
the assumption: 3° < N < 3%t!1 — 2 for some s € Ny For such N we have

‘PN+1(¢k)‘

‘lk;,N(l)’ = }lk;,Nsﬂ(l)l ’ pN—i—l(O)
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For the Lagrange fundamental polynomials at Chebyshev’s points we have
!lkaS“(l)! < 4/ (see for instance [5], p 58)
Lemma 9 and Lemma 8 now show that for any |z| < 1 we have

’lk,N($)| <16 - 182 . N2. 352+55 < 792 . NT. 382'

This gives the desired result, since Ay (X) is a sum of N + 1 terms with
bound presented above and N +1 < 2N O

EXAMPLE Let us estimate from below the value ‘lj,N(l)} for N =
33T —1) and j = §(3° 4+ 1) Here, ¢; = max <<y ¥r =7 — 505 There
fore, x; = —cos %55 Since N =3° 431+ ... + 341, the polynomial uy
has the decomposition puy = Ths HZ;(I) t3a (-, 0g42 + - -+ ds41) Hence,

s—1

t3q O g
(16) l]aN( - l] Ns H t3q w‘] ;q

Wlth O'q = %((5q+1 — 55+1)

Here the value of I n, (1) is rather small Indeed,

T3s(1 1
3 (1) =3"%.tan -9 > il

I v (1) = = s > ——.
(1) T3e () (1 — x5) 477 4.9

But because of the positivity of all o4, the product on the right side of (16)

has a growth of order at least 332/3, as we will see now Since all terms in the
product are larger than 1, we can exclude the value g =0 For1 < g < s—1,

let K = (37 —1) It is easily seen that t34(0, oq)/|tsa(¥5,04)| > AZ, where

34
3k—-1 1 3K +1 1
Aq = ’Htan (66(1 — 4(53+1) = cot (65q + 455+1>

K

3k—1 1 3k -2 1
. knltan (66(1 — 455+1) /tan <65q + 455+1> .

The first cotangent is larger than 1 since its argument does not exceed 7/4
Also we can neglect the term in the product corresponding the value k =1
For other terms we use the formula

tanv

=14t —u) - t t .
p— + tan (v — u) - (cot u + tanv)
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From here,
K K K

log A, > Zlog(1+ak) > Zak - %Zai,

k=2 k=2 k=2

1 1 3k—2 1
ar = tan (65q — 25S+1> . [cot (65'1 + 455+1>

3k—-1 1
+ tan <65q - 455+1> :| .

The expression in square brackets can be written as

where

2 cos 2¢e
Cot(b—6)+tan(b—|—€) = m

with b= %(k - %)5% €= 150, — 10541 Here, b>9¢, so0 [-] < (2k;_8‘1)5q

Therefore, ZkKZQ az < %, as is easy to check

In order to estimate ay from below, we use the bound cott > % — %, which
is valid for 0 < t <« It follows that

1 1 1 1 1 2 ko,
ap > (65‘1 - 255+1> - cot (2k5q> > <66q — 255+1> . (k(sq - 4q> .
Straightforward estimation gives 2522 ap > »-log K —0.193, where sc = 371
— 397571 Therefore, A, > 377 e~043 and

s—1
H t3q (0, O'q)/‘ t3q (1%‘, Uq)‘ > ¢ 0.86's g
q=1

with
1 s—1
n = §S<3 —1)—2-3751 Z q3%.
q=1

Since the last sum is equal to i35(2s —3) + 3, we have s > %32 - %s Even

4
tually,
‘lj,N(l)‘ > %(60.86 . 38/3) - 332/3 S 332/3*48'

log? Ny
log 27

The latter exceeds exp ( —5log NS), as is easy to check
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QUESTION  One can suggest that more symmetric infill of the levels Z,
will decrease the size of the Lebesgue constants corresponding to a new se
quence In this connection we can reformulate the question from [2]: Is it

possible to reach a polynomial growth of the sequence (An(X)) ]OVOZO for some

another rearrangement of points from the sequence ()5 ,?
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